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Heron or Hero was a Greek Mathematician who discovered a formula for the area of a triangle, A A BC with sides

n=BC, b=AC = AB.

Before giving this formula, we need a little trigonometry. We assume that you are familiar with some trigonometry, and
know what is meant by the “*sine" and the “cosine" of an angle. Consider /4 X ¥ Z with a right angle at X and let

IXYZ=8.
A
f
X Y
XZ XY
We define Siﬂ[ﬁ') = vz and {’:{)S[B:] = Y7z

The Sine Rule

This give us the relation between the sides of a triangle, the sines of the opposite angles and the radius of the

circumcircle. We consider /A B and draw the circumcircle. Suppose that BB' is a diameter (of length 2R).

C

Join CB', and note that
fA=/BAC =/BB'(C.

Further, note that £ BC B’ is a right angle. Observe that
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. B f
sm[BB’G') = BB = ﬁ,

where, as usual, we denote BC by a.Then

rx L
sn(A) ~ sn(BEC)

This shows that

and so the Sine Rule is obtained.

The Cosine Rule

Consider A A BC and draw the perpendicular line to AB through C. Suppose this line meets AB at D.

C
A D B
Then
CD = bsin{A) = nsin{B)
so that
0 = bsin(A) — asin(B),
and

AB =¢=AD + DB = beos{A) + necos(B).

From this, by squaring the latter two equations, we get:

0 = B sin?(A) — 2absin{A)sin(B) + n? sin®(B),
¢ = b oos®(A) + 2abeos{A) cos{B) + n’cos®(B).

Adding these together gives
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2 = a? 4+ b+ 2ab (cos{A) cos(B) — sin(A) sin( B))
= o +b* + 2abcos(A + B)
= o® + b + 20bcos(C).

This is the Cosine Rule.

A Further Observation

Since we have found that

Pl

cosA) e

we can deduce that
sin?fA] = 1— cos?(A)
] (b” +e— aﬂ)g

2br:
(Rt — )
N 4B2e2
_ (at+b—c)fa—bt+e)(—nt+b+e)atbte) 1)
N A2
The Area of a Triangle
We shall use the Sine Rule to get an new formula for the area of a triangle.
C
A D B

The area of A A BC is given by % base X height. Thus
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AB xCD
2
e X bsin(A)
2
1. .

1
= Earzsin[B)

AREA ANABC =

= %abﬂin{ﬁ)

ribe
41K

The perimeter of A B is given by AB+BC+CA. The semi-perimeter is half of this value! We denote the semi-

perimeter by s, so that

_a—|—b—|—r3

# 2

Heron's Formula

We use equations (1) and (2) to get

(a+b—e)fa—bt+e)(—a+bt+e)fat+b+e)

. 9 .
sin'(4) = 122
_ 2(s—e)2(s—b)2(s — n)2s
B 452 ¢
_ 4s{s—a){s—D)(s—«)
B 2 e?
A similar argument gives
4a(a —n){s—b)(a —=r
i) — W=l o=
. 4 _ ds{s—a)(s—b){s — )

and so
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sin{A)
sin{ B)

sin{C')

Using the formulae for the area of a triangle and these, we get

1, .
AREA&A&?ZEMHMAL:Vﬂm—Mm—ﬁMS—Q.

2\/4[-5: —n)f{s —b)fs — )
be:

2\/-5:[-; — n)f{s — b)fs — )

e

2\/-3[-3 — n){s —b){s — )

b ’
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This is HERON's formula. The great advantage is that the area of the triangle can be calculated solely from the
knowledge of the lengths of the sides. No information about the angles is required.

Useful Trigonometric Formulae

sin(A) sin(B)

sinfA+ B) = sin(A)cos(B) £+ cos{A) sin(B)
sin{28) = 2sin(f) cos(f
cos{A L+ B) = cos{A)cos(B
cos(20) = cost(B) — sin?(h)
= 2eos?(f)—1
= 1— 2sin®(#)
11— tan®(8)
~ 1+tan(g)
_ tan({A) £ tan(B)
tan{A£B) = {0 (A) tan(B)
tan(2f) = el it:éfgg)
sin{f) + sin{¢) = 2 (9 :|2: e
cos(B) +cos(¢dp) = 2eos (B—;
cos(f) — cos(¢) = 2sin (B —|2_
2sin(8) cos(g) = sin(d+ )
2cos(B) sin{d) = sin{f + o)
2eo8{f) cos(¢) = cos(f+ ¢
2 sin{#) sin{¢) cos{f — o
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Heron's Formula: Part 11

Here we give an algebraic derivation of Heron's Formula.

C

A D B

Let CD=h, AB=c, BC=a and CA=b as usual. Then

V@ — R+ P — R,

so that

¢ = a? 4B+ 20 4 2/ (a2 — B2)(B2 — h2)

giving

2/(a2 — BB — B2 = & — o — 1 — 20
Squaring gives
Aa? — WY ) (2074 — a? — 1)
402H? — 4R? (aﬂ + 52) L 4Rt = 4Rt 4 4R? (rﬂ —a?—

or

2

4h2 = amﬂb?—( By —bﬁ)

= [2ab— 2 +0? +0?) (2ab+ 2 — o — B
{ ) )

= [[a—l—b ][r*2 rx—b)ﬂ]

= (28){28 — 2e)(25 — 20)(28 — 20)

and Heron's formula follows at once.
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(a+b+e)j{a+b—e){a—bt+e)(—n+b+e)
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Heron's Formula: Part 111

Here we extend Heron's formula to find the area of CYCLIC quadrilaterals.Consider the cyclic quadrilateral ABCD and
denote the sides and a diagonal as follows:

AB=un, BC=b CD=¢; DA=4d, AC ==

b+t
We define 8 = o —;r—i_ LetZ{ABC =8 sothat /C DA =180° .

Then, the cosine rule, applied to A ABC and AC DA | gives that

2 = a2+ — 2abcos(f)
e 2 cos(f).

Eliminating C{)S[E?) from these equations gives

?—a? -1 20
_|_

Yab Yed = 0
Thus
1 1 24 2
2a0b 2o 2rh 2l
yielding

2ed (a® +b?) + 2ab (¢ + o)

e —
2ah -+ 2o

Let £\ represent the area of /A4 B and /Ay represent the area of /() J).A Heron's formula then gives us:
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16A7 = (a+b+2){a+b—z)(a—b+z){—n+b+x)
[[n; +B)? — :332] [m2 — {a— b)z] :

Similarly we get that

1645 = [(e+d)?—2’][2* - (c— d)?].
Now

[2ab+ 2ed] [2? — (a4 b)2] = 2ed(a? + b?) + 2ab(c? + &?)
—2ed{n + )2 — 2ab(n + )2
= Zed(—2ab) + 20b(c® + d*) — 2ab{n +b)?
= Znb{e— d)? — 20b{n + b)?
= 2ab[(c—d)* — (a+b)’]

Similarly
[2ab + 20d) [ — (6 — B)?] = 2ab[(c+d)? — (a—b)?]

Together, we now get
[20b + 2ed) [#? — (a +b)?] [2b + 2ed) [2? — (& — b)?]
= 2ab[(c—d)’ — (64 b)*] 20b [(c+ d)” — (6 — B)’]
= 40P la+b+e—dia+b—c+d{n—b+e+d(—a+b+ec+d

so that
16&%[2&5—#%&(]2 —  dp?p? [('3 ; ﬂi) ('i; b) (‘i ; r:) (-i ; d)]
Eiving
D200 + 2ed) = %b (8 —a){s—B){s —e)(s— d).
Similarly
Dof2ab + 2ed) = r:\/{q —a){s — b)(s — )2 — d).

From this it is very easy to obtain the following formula for the area of a cyclic quadrilateral:

[ 1ABCD = %ﬁ\/[@— o){s — B){s— ) (s — d).
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